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Abstract—Sets of sequences with good correlation properties are
desired in many active sensing and communication systems, e.g.,
multiple-input-multiple-output (MIMO) radar systems and code-
division multiple-access (CDMA) cellular systems. In this paper,
we consider the problems of designing complementary sets of se-
quences (CSS) and also sequence sets with both good auto- and
cross-correlation properties. Algorithms based on the general ma-
jorization-minimization method are developed to tackle the op-
timization problems arising from the sequence set design prob-
lems. All the proposed algorithms can be implemented by means
of the fast Fourier transform (FFT) and thus are computationally
efficient and capable of designing sets of very long sequences. A
number of numerical examples are provided to demonstrate the
performance of the proposed algorithms.

Index Terms—Autocorrelation, CDMA sequences, complemen-
tary sets, cross-correlation, majorization-minimization, unimod-
ular sequences.

I. INTRODUCTION

EQUENCES with good correlation properties play an im-
S portant role in many active sensing and communication
systems [1], [2]. The design of a single sequence with good au-
tocorrelation properties (e.g., small autocorrelation sidelobes)
has been studied extensively, e.g., see [3]-[5] and the references
therein. In this paper, we focus on the design of sets of sequences
with good correlation properties. We consider both the design
of complementary sets of sequences (CSS) and the design of
sequence sets with good auto- and cross-correlation properties.
In addition, in order to avoid non-linear side effects and make
full use of the transmission power available in the system, we
restrict our design to unimodular sequences.
Let {x,,}}_, denote a set of M complex unimodular se-
quences each of length N, i.e., X, = [2m (1), ..., 2m(N)]T,

m = 1,..., M. Then the aperiodic cross-correlation of x; and
x; at lag k is defined as
N—k
rig(k) =Y ai(n+ k)aj(n) = (—k),
n=1
nj=1,...,M, k=1-N,...,N—1. (1)
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When ¢ = 7, (1) reduces to the autocorrelation of x;.

The motivation of CSS design comes from the difficulties in
designing a single unimodular sequence with impulse-like au-
tocorrelation. For instance, it can be easily observed that the au-
tocorrelation sidelobe at lag N — 1 of a unimodular sequence is
always equal to 1, no matter how we design the sequence. The
difficulties have encouraged researchers to consider the idea of
CSS, and the set of sequences {x,, }24_, is called complemen-
tary if and only if the autocorrelations of {x,,, } sum up to zero
at any out-of-phase lag, i.e.,

M
> (k) =0, 1< k[ <N -1 )
m=1

CSS have been applied in many active sensing and commu-
nication systems, for instance, multiple-input-multiple-output
(MIMO) radars [6], radar pulse compression [7], orthogonal
frequency-division multiplexing (OFDM) [8], ultra wide-band
(UWB) communications [9], code-division multiple-access
(CDMA) [10], and channel estimation [11]. Owing to the
practical importance, a lot of effort has been devoted to the
construction of CSS. The majority of research results on CSS
at the carly stage have been concerned with the analytical
construction of CSS for restricted sequence length N and set
cardinality M. More recently, computational methods have
also been proposed for the design of CSS, see [12] for example.
In contrast to analytical constructions, computational methods
are more flexible in the sense that they do not impose any
restriction on the length of sequences or the set cardinality.

In CSS design, only the autocorrelation properties of the se-
quences have been considered. But some applications require a
set of sequences with not only good autocorrelation properties
but also good cross-correlations among the sequences, for ex-
ample, in CDMA cellular networks or in MIMO radar systems.
Good autocorrelation indicates that a sequence is nearly uncor-
related with its own time-shifted versions, while good cross-cor-
relation means that any sequence is nearly uncorrelated with all
other time-shifted sequences. Good correlation properties in the
above sense ensure that matched filters at the receiver end can
easily separate the users in a CDMA system [13] or extract the
signals backscattered from the range of interest while attenu-
ating signals backscattered from other ranges in MIMO radar
[14].

Extending the approaches in [5], we present in this paper
several new algorithms for the design of complementary sets
of sequences and sequence sets with both good auto- and
cross-correlation properties. The sequence set design problems
are first formulated as optimization problems and they include
the single sequence design problems considered in [4], [5] as
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special cases. Then several efficient algorithms are developed
based on the general majorization-minimization (MM) method
via successively majorizing the objective functions twice. All
the proposed algorithms can be implemented by means of
the fast Fourier transform (FFT) and are thus very efficient
in practice. The convergence properties and an acceleration
scheme, which can be used to further accelerate the proposed
MM algorithms, are also briefly discussed.

The remaining sections of the paper are organized as fol-
lows. In Section II, the problem formulations are presented. In
Section III, an MM algorithm is derived for the CSS design
problem, followed by the derivations of two MM algorithms for
designing sequence sets with good auto- and cross-correlations
in Sections IV and V, respectively. Convergence analysis and
an acceleration scheme are introduced in Section VI. Finally,
Section VII presents some numerical results, and the conclu-
sions are given in Section VIII.

Notation: Boldface upper case letters denote matrices, bold-
face lower case letters denote column vectors, and italics denote
scalars. R and C denote the real field and the complex field, re-
spectively. Re( - ) and Im( - ) denote the real and imaginary part,
respectively. arg( - ) denotes the phase of a complex number.
The superscripts (- )7, (-)* and (- )# denote transpose, com-
plex conjugate, and conjugate transpose, respectively. X; ; de-
notes the (i-th, j-th) element of matrix X and x; (2:(i)) denotes
the ¢-th element of vector x. X; . denotes the :-th row of ma-
trix X, X. ; denotes the j-th column of matrix X, and X;.; %
denotes the submatrix of X from X;; to X;;. o denotes the
Hadamard product. @ denotes the Kronecker product. Tr( - )
denotes the trace of a matrix. diag(X) is a column vector con-
sisting of all the diagonal elements of X. Diag(x) is a diag-
onal matrix formed with x as its principal diagonal. vec(X) is
a column vector consisting of all the columns of X stacked. I,,
denotes an n x n identity matrix.

II. PROBLEM FORMULATION AND MM PRIMER

The problems of interest in this paper are the design of CSS
and the design of sequence sets with good auto- and cross-cor-
relation properties. In the following, we first provide criteria
to measure the complementarity of a sequence set and also the
goodness of auto- and cross-correlation properties respectively,
and then formulate the sequence set design problems as opti-
mization problems. The MM method is also briefly introduced,
which will be applied to tackle the optimization problems later.

A. Design of Complementary Set of Sequences

We are interested in developing efficient optimization
methods for the design of complementary sets of sequences.
Consequently, to measure the complementarity of a sequence
set {x,,}M_,, we consider the complementary integrated
sidelobe level (CISL) metric of a set of sequences, which is
defined as

N-1

CISL =Y

k=1

M

Z 'm,m (k)

m=1
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Then a natural idea to generate complementary sets of uni-
modular sequences is to minimize the CISL metric in (3), i.e.,
solving the following optimization problem:

2

N-1| M
minimize Z Zrm,m(k)
{xm}%:1 k=1 |m=1
subject to |z, (n)] = 1,
n=1,....N, m=1,...,M. @

Note that if the objective of problem (4) can be driven to zero,
then the corresponding solution is a complementary set of se-
quences. But the problem may also be used to find almost com-
plementary sets of sequences for (N, M) values for which no
CSS exists.

B. Design of Sequence Set With Good Auto- and
Cross-Correlation Properties

To design sequence sets with both good auto- and cross-cor-
relation properties, we consider the goodness measure used in
[14], which is defined as

M N-1 M M N-1

= DD DT stk

m=1k=1-N i=1j=1k=1-N
E#£0 J#i

(&)

In this criterion, the first term contains the autocorrelation
sidelobes of all the sequences and the cross-correlations are
involved in the second term. Then, to design unimodular se-
quence sets with good correlation properties, we consider the
following optimization problem:

M N-1 M M N-1
vininize 3 3 92+ 330 3 s
{(m}ioy m=1k=1-N i=14=1k=1-N
k£0 i
subject to |z, (n)|=1, n=1,...,N, m=1,..., M.

Q)

Since 7y,,m (0) = N, m = 1,..., M, due to the unimodular
constraints, problem (6) can be written more compactly as

M M N-1
minimize > Y Y Iri (k)P - N*M
bombmn k1N

subject to |z, (n)| =1,

n=1,...,N, m=1,...,M. (7

As have been shown in [1], the criterion ¥ defined in (5) is
lower bounded by N2 M (M — 1) and thus cannot be made very
small. This unveils the fact that it is not possible to design a set
of sequences with all auto- and cross-correlation sidelobes very
small. Therefore, we also consider the following more general
weighted formulation:

M M N-1
minimize ZZ Z wglr (k)2 — woN2M
Gembma SlS2T N
subject to |z, (n)|=1, n=1,...,N, m=1,..., M,
@)
where wy = w_ > 0,k = 0,...,N — 1 are nonnegative

weights assigned to different time lags. It is easy to see that if
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we choose wyg, = 1 for all &, then problem (8) reduces to (7).
But problem (8) provides more flexibility in the sense that we
can assign different weights to different correlation lags, so that
we can minimize the correlations only within a certain time lag
interval. Also note that when M = 1, problem (8) becomes the
weighted integrated sidelobe level minimization problem con-
sidered in [5].

Two algorithms named CAN and WeCAN were proposed in
[14] to tackle problems (8) and (7), respectively. But the au-
thors of [14] resorted to solving “almost equivalent” problems
that seem to work well in practice. In this paper, we develop al-
gorithms to directly tackle the sequence set design formulations
in (8) and (7).

C. The MM Method

The MM method refers to the majorization-minimization
method, which is an approach to solve optimization problems
that are too difficult to solve directly. The principle behind the
MM method is to transform a difficult problem into a series of
simple problems. Interested readers may refer to [15]-[17] and
references therein for more details.

Suppose we want to minimize f(x) over X C C". Instead of
minimizing the cost function f(x) directly, the MM approach
optimizes a sequence of approximate objective functions that
majorize f(x). More specifically, starting from a feasible point
x{9 | the algorithm produces a sequence {x*)} according to the
following update rule:

)

xETD ¢ arg min u (X,X(k)> ,
xckX

where x(*) is the point generated by the algorithm at iteration
k, and u(x,x(®)) is the majorization function of f(x) at x*).
Formally, the function u(x, x(*)) is said to majorize the function
f(x) at the point x*) if

u(x,x™) > f(x), vxeQx, (10)
(B)y —

(
) = f(x®). (11)

In other words, function u(x,x(¥)) is an upper bound of f(x)
over X and coincides with f(x) at x(*).

It is easy to show that with this scheme, the objective value
is monotonically decreasing (nonincreasing) at every iteration,
ie.,

i (x<k+1>> <u (x(k+1),x(k)> <u (xw)’x(k)) —f (x(k)) _
(12)

u(x® x

The first inequality and the third equality follow from the prop-
erties of the majorization function, namely (10) and (11) respec-
tively and the second inequality follows from (9).

To derive MM algorithms in practice, the key step is to find a
majorization function of the objective such that the majorized
problem is easy to solve. For that purpose, the following re-
sult on quadratic upper-bounding will be useful later when con-
structing simple majorization functions.

Lemma 1 [4]: Let L be an n X n Hermitian matrix and M
be another n x n Hermitian matrix such that M > L. Then for
any point xo € C™, the quadratic function x* Lx is majorized
by x! Mx + 2Re(x (L — M)xq) + x (M — L)x, at xq.
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III. DESIGN OF COMPLEMENTARY SET OF SEQUENCES VIA MM

To tackle problem (4) via majorization-minimization, we first
perform some reformulations. Let us define an auxiliary se-
quence of length M (2N — 1) as follows [12]:

; (13)

then the first IV aperiodic autocorrelation lags of z (denoted by
{r.(k)}) can be written as
M

ro(k) =) Tmm(k), 0< k<N -1

m=1

_ [T AT T T T
z—= [X1 :0N71a---,XMaON71]

(14)

Then the sequence set {x,, }/_, is complementary if and only
if z has a zero correlation zone (ZCZ) for lags in the interval 1 <
k < N—1, and the CSS design problem (4) can be reformulated

as
N-1
minimize . (k)|?
{xm}%zl ;
subject to z = [xlT,Oﬁfl,...,xf/[,OIT\_l]T,
|Zm(n) =1, n=1,...,N, m=1,..., M.

15)
The objective in (15) can be viewed as the weighted ISL metric
in [5] of the sequence z (i.e., 22\4:(121\7—1)—1 wi |7 (k)|?) with
weights chosen as

1<k<N-1

1,
“”f:{o, N<k<M@N-1-1 U0

However, in problem (15), the sequence z has some special
structures and the original weighted ISL minimization algo-
rithm proposed in [5] for designing unimodular sequences
cannot be directly applied due to the zeros. But the algorithm
can be adapted to take the sequence structure into account and
in the following we give a brief derivation of the modified
algorithm, which mainly follows from Section III.B in [5].

Similar to Section IIL.B in [5], we perform two successive
majorization steps to problem (15). Let L = M(2N — 1) be
the length of z, and Uy, &k = 1 — L,...,L —1be L x L
Toeplitz matrices with the kth diagonal elements being 1 and
0 elsewhere, i.e.,

1 ifj—i=k
[U’“]”{o ifj—ik,

Then the autocorrelations {r.(k)} of z can be written in terms
of Uy as

ij=1,...,L. (17

ro(k)=2"Upz, k=1-1L,..., L — 1. (18)
Then givenz®) = [x{PT 07 ..., x{)" 0T |7 atiteration
I, by using Lemma 1 we can majorize the objective of (15) by a
quadratic function as in [5] and the majorized problem after the
first majorization step is given by

H
minimize z' (R —(L—1)z¥ (Z(l)> > %
{xm I,
: T
subject to z = [Xf»O%_l,---,XIA:[,O%_I] :
‘Iyn(n)‘:17 'nzl,...,]\’, m:17._.’]\17
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where

L-1
= Y wr®(-

(20)
k=1—L
PE)
is a Hermitian Toeplitz matrixand wy = w_g,k=1,...,L—1

are given in (16).

To perform the second majorization step, we first bound the
maximum eigenvalue of the matrix R — (L — 1)z® (z())H as
in [5], i.e.,

H
Amax (R (L - 1)z (z”’) ) <A, D)
where
Ay = L 22
v g \ DR it DX, i (22)
p = Fe, (23)

c= [o, wir® (1), ... w1 (L — 1),

T
o,wL,lrg”(l—L),...,wlrg”(—l)] e

and the matrix F in (23) is the 2L x 2L FFT matrix with Fy,, ,, =
e I%5E" ,0 < m,n < 2L. Then by applying Lemma 1 with
M —)\uI, we can obtain the majorized problem of (19) given
by

H
minimize Re (zH (R(L —~ 1)z (z(l)) )\uI) z(l)>
Gem iy

: T
subject to  z = [x{,0% 1,..., X2, 0N 1]
|[Zm(n) =1, n=1,....Nym=1,.... M,
(25)
which can be rewritten as
minimize |z — y|)3
{embma
T
subject to z = [x{,0% _1,....X3;,0n 4] ,
lzm(n)| =1, n=1,...,N,m=1,..., M, (26)

where

H
y=-— (R — (L -1)z¥ (z(l)) - /\uI> z)

= (L - 1)MN + )z — Rz, 27
Problem (26) admits the following closed form solution
ZBm(n) — ejarg(y(m—l)(2f\"—1)+n)’
n=1...,.Nm=1,...,M. (28)

The overall algorithm for the CSS design problem (4) is sum-
marized in Algorithm 1. Note that the algorithm can be imple-
mented by means of FFT (IFFT) operations, since R is Hermi-
tian Toeplitz and it can be decomposed as

1
F lLDlag( )F:71:L7

R_
2L

29

according to Lemma 4 in [5].
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Algorithm 1: The MM Algorithm for CSS design problem (4).

Require: number of sequences M, sequence length NV

1<i<N

1: Setl = 0 and initialize {x\s’ }_,.

2: L = M(2N —1)

3: repeat

4: 20 = [x:(ll)T, 0% 1s--- ,XS\Z/I)T,OJI\}_I]T
5: f= F[Z(Z)T,leL}T

6 x= %FH@Z T T T
7. e=rof0,1y_4, 05(—ny+10 1y 4]

8: w="Fc

9: A :% max fo; + max pio; 1>

10 y= (L~ 1)MN + )2 — SEFE  (pof)

11: 331(711+1)(n) - ejarg(y(m 1)(2N— 1)+n) 1 N’
m=1,..., M.

12 1+« 1+1

13: until convergence

IV. DESIGN OF SEQUENCE SET WITH GOOD AUTO- AND
CROSS-CORRELATION PROPERTIES VIA MM

In this section, we consider the problem of designing se-
quence sets for both good auto- and cross-correlation proper-
ties. We first consider the more general problem formulation
with weights involved, i.e., problem (8), and derive an MM al-
gorithm for the problem in the following.

Let us first stack the sequences x,,,m = 1,...
and denote it by x, i.e.,

, M together

17, (30)

T T
X = [xl,...,xM

then we have

Xy =Spx, m=1,..., M, 31

where S,,, is an N x N M block selection matrix defined as

Sy = [ONx(m—l)N7 IN» ONX(M—m)N] . (32)

We then note that (1) can be written more compactly as
rijk) =xFUpx;, k=1-N,...,N L i,j=1,..., M,
(33)

where Uy, is defined as in (17) but is of size N x N now. By
combining (33) and (31), we have

rij(k) = x"81U, 8%,

k=1-N,....N—1,i,j=1,...,M, (34
and then
I'r,;j(k) 2 = |XHS§IU]§S¢X|2
= |Tr (xx"$7U,S,) [*
= |vec(xx)Hvec (SHULS,)|*. (39)
By using (35), problem (8) can be rewritten as
minimize vec(xx® )¥ Lvec(xx) — woN?M
xECNM
subjectto |z,|=1,n=1,...,NM, (36)
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where

M M N-1

L= Zz Z wyvec (S5ULS;) vec (SkaSi)H

i=1j=1k=1-N
(37

Since wy, > 0, it is easy to see that L is a nonnegative real
symmetric matrix and it can be shown (see Lemma 5 in [5])
that

L < Diag(b), (38)

where b = L1. Then given x() at iteration [, by using Lemma
1, we know that the objective of problem (36) is majorized by
the following function at x(®):

Uy (x,x(l))
= vec(xx ) Diag(b)vec(xx)
+ 2Re (Vec(xxH)H(L — Diag(b))vec (x(l)x(l)H))
H
+ vec (X(l)x(l)H) (Diag(b) — L)vec (x(l)x(l)H)
— woN?M. (39)

Since the elements of x are of unit modulus, it is easy to see
that the first term of (39) is just a constant. After ignoring the
constant terms, the majorized problem of (36) is given by

n;igqi:rlnvimzje Re (vec(xxH)H(L — Diag(b))vec (X(Z)X(Z)H))

subject to |a,|=1,n=1,...,NM. (40)
By substituting L in (37) back, we have

Re (vec(XxH)HLveC (X(l)x(l)H))

Re (wkTr (xxHS;IUkS,»)

(41)
and the second term of the objective can also be rewritten as
Re (VGC(XXH)HDiag(b)VeC (X(l)x(l)H))
= Re (vec(xxH)H (b o vec (X(l)x(l)H)>)

= Re (Tr (xmeat (b o vec (x(l)x(l)H))>)
=Re (XH (mat(b) o (x(l)x(l)H)) x) ,

where mat( - ) is the inverse operation of vec( - ). It is clear that
both (41) and (42) are quadratic in x and problem (40) can be

rewritten as
H
xH <R —Bo (x(l) (x(l)) )) X

Zo|=1,n=1,...,NM,

(42)

mlnlmlze
xeCN

subject to (43)
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where
M M N-1

=YY 5wl

i=1lj=1k=1-N
B = mat(b)
=mat(L1)
M M N-1

—mat ZZ Z WEVEC (SkaSi) vec(SkaSi)H

i=1j=1k=1-N

—k)SiuLS;, (44)

M M —

=mat ZZ Z wk

i=1j=1k=1-N
M M N-1

=20 D wN

i=1j=1k=1-N
=1y @W,
and

— |k|)vec (877 US;)

—|k[)STULS;

(45)

WN -1 '|

w1 (]\77 ].)

wh (J\“T — ].) ’LUOLN

Note that in (43) we have removed the Re(-) operator since
the matrices R and B are Hermitian. Since the majorized
problem (43) is still hard to solve directly, we propose to
majorize the objective function at x(*) again to further simplify
the problem that we need to solve at each iteration. Simi-
larly, to construct a majorization function of the quadratic
objective in (43), we need to find a matrix M such that
M > R — Bo (xV(x®)H) and a straightforward choice may
be M = Apax(R — B o (x®(x(M)H))I. But to compute the
maximum eigenvalue, some iterative algorithms are needed
and since we need to compute this at every iteration, it will
be computationally expensive. To maintain the computational
efficiency of the algorithm, here we propose to use some upper
bound of Apax(R — B o (x(x®)H)) that can be easily
computed. To derive such an upper bound, we first introduce
several results that will be useful. The first result reveals a
fact regarding the eigenvalues of the matrix B o (x(®) (x())H),
which follows from [5].

Lemma 2: Let B be an N x N matrix and x € CV with
|z, = 1, n = 1,...,N. Then B o (xx) and B share the
same set of eigenvalues.

The second result indicates some relations between the eigen-
values of the Kronecker product of two matrices and the eigen-
values of the two individual matrices [18].

Lemma 3: Let A and B be square matrices of size M and
N, respectively. Let A1,..., Aps be the eigenvalues of A and
M1, ...,y be those of B. Then the eigenvalues of A @ B are
Aiptj, i =1,...,M,j =1,..., N (including algebraic multi-
plicities in all three cases).

The third result regards bounds of the extreme eigenvalues of
Hermitian Toeplitz matrices, which can be computed by using
FFTs [19].
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Lemma 4: Let T be an N x N Hermitian Toeplitz matrix
defined by {t; }n_," as follows:

to tN 1
T = tl tO
' 1
tn_1 ... U1 g
and F be a 2N x 2N FFT matrix with F,, , = e 7 28", 0 <
m,n < 2N.Letc = [tg,t1,...,tN_1,0,t% 1,...,;]F and
p = Fe be the discrete Fourier transform of c. Then
A (T) < © + : (46)
max =9 1222N’u% lgas}fw M2271 ’
1
. > -
Amin(T) > 3 <1g}1<an 2i + 1£n1<nN Hai— 1) (47)

Based on these results, we can now obtain an upper bound of
Amax(R — B o (x® (x)H)) given in the following lemma.

Lemma 5: Let R and B be matrices defined in
(44) and (45), respectively. Let w = [woN,wi(N
- 1),..-,11)]\[,1,0,11)]\[,1,...,'UJ]_(N— 1)]T7p’ = Fw and

1 . .
Aw = 5(miny<;<n pra; + ming<j<n pi2;1). Then

H
o (R=Bo (% (x)") ) < IRY - As, @9

where
[ min{MXw,0}, M >2
A = {A‘/Vv M=1, “49)
and || - || can be any submultiplicative matrix norm.
Proof: See Appendix A. [ |

In our case, for computational efficiency, we choose the in-
duced ¢,-norm (also known as max-row-sum norm) in Lemma
5, which is defined as

NM

R = max Zl |Rijl- (50)
p

Now, by choosing M = (||R||ec — Ap)I in Lemma 1, the
objective in (43) is majorized by

s (x,x0)

(IR/loo — Ap)x"x

+ 2Re <XH<RB o <x<l> (x(l))H> (IRl )\B)I> x<l>>
+ (X(l))H<(|R|OO “Ap)I-R+Bo <x<l> (xU))H)) xD.

Again after ignoring the constant terms, the majorized problem
of (43) is given by

minimize Re(x"y)
subject to |z, =1,n=1,...,NM, (51)

2871

where

y = (R—B 0 (Xm (xm)H)) 0

It is clear that problem (51) is separable in the elements of x and
the solution of the problem is given by

— (IRl —25)xD. (52)

Ty = 28U =1 NM. (53)

According to the general steps of the majorization minimiza-
tion method, we can now implement the algorithm in a straight-
forward way, that is at each iteration, we compute y according
to (52) and update x via (53). Clearly, the computational cost is
dominated by the computation of y. To obtain an efficient im-
plementation, here we further explore the special structure of
the matrices involved in the computation of y.

We first note that the matrix R in (44) can be written as the
following block matrix:

{ Ry Ry Ry
Ry Ry R
R = { . . . | , (54)
R Rarar
where each block is defined as
Z wkr KUk, 4,5=1,..., M. (55)
k=1-N
It is easy to see that the building blocks R;;,4,5 = 1,..., M,

are Toeplitz matrices and when ¢ = j, they are also Hermitian.
In the following, we introduce a simple result regarding Toeplitz
matrices (not necessarily Hermitian) that can be used to perform
the matrix vector multiplication Rx() more efficiently via FET
(IFFT).

Lemma 6: Let T be an N x N Toeplitz matrix defined as
follows:

to ty tn-1
T — t 1 to
-
b n t1 1y

and F be a 2N x 2N FFT matrix with F,, =

2mnw

e 758" 0 < m,n < 2N. Then T can be de-
composed as T = 1 F 1 yDiag(Fc)F. 1.n, where
c = [t07t717"'7t17N707tN717 . tl] .

Proof: See Appendix B. [ |

According to Lemma 6, by defining H to be the 2N x N
matrix composed of the first V columns of the 2N x 2N FFT
matrix, i.e.,

H= F:,I:Na (56)
we know that
1 .
R;; = ﬁHHDlag(Fc.ij)H, (57)
where
ci; = |wort1(0), wirl)(1),...,wy_1ri (N — 1),
T
0, wn 1)1 =), e () (=D)L (59)
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Thus, the matrix vector multiplication Rx(*) can be performed
as

1 -
Rx) = —\H
* TN
Diag(Fey1) Diag(Fcya)
X : : Hx®, (59
Diag(Fecas) Diag(Fearn)

where H is a 2M N x M N block diagonal matrix given by

{H 0 o'l
H = ? H (; : (60)

From (59), we can see that the multiplication Rx (") takes M2 +
2M FFT (IFFT) operations if all ¢;;,¢, 5 = 1,..., A are given.
Since to form the vectors ¢;;,4,7 = 1,..., M, all the autocor-

relations and cross-correlations, i.e., rl(l])(k), h,j=1,....,M, k
=1—N,...,N — 1, are needed, and another M? FFT (IFFT)

operations are requlred. Similarly, || R||» can also be computed
with M2+ 2M FFT (IFFT) operations, since it can be obtained
by taking the largest element of the vector R1, where R is
the matrix with each element being the modulus of the corre-
sponding element of R, i.e., |R; jl,4,j=1,...,N.Fi-
nally, to compute (B o (x(l ) (x(l>) ))x(lS we first conduct some
transformations as follows:

(B 5 (x(n (x(l))H>> 0

= diag (BDlag

)
—diag< ( l)o(x(l) )(X(l) >
= diag <B1VW1< l)) )

= (Blypsxi) ox®
= ((11WX]M @ W)]-NJ\/[><1) o X(l)

= (M1pv1 @ (Wlyxy)) oxth. (61)

Since W is Toeplitz, we know from Lemma 6 that it can be
decomposed as

W = HHDlag(FW)H (62)

2N
where w is the same as the one defined in Lemma 5. Thus,
(B o (xV(xM)))x) can be computed with 3 FFT (IFFT)
operations.

In summary, to compute y as in (52), around 3M?% +4M + 3
2N -point FFT (IFFT) operations are needed. Since the compu-
tational complexity of one FFT (IFFT) is O(N log N ), the per
iteration computational complexity of the proposed algorithm is
of order O(M?N log N). The overall algorithm is summarized
in Algorithm 2.
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Algorithm 2: The MM Algorithm for problem (8)
Require: number of sequences M, sequence length NV,
weights {wy > 0}

1: Setl =0, 1n1t1ahze x(®) of length M N.

2: w=
[woN U)l(7\ 1) ,wN,l,O,wN,l,...,wl(N—l)]T

3: p=Fw

. —1
4: Ay = 3 ( mln L i+ 1gllantzz 1

. - mln{M)\W,O}, M >2
> AB‘{AW, M=1
6: repeat
7:  Compute

r (k)i =1,...,Mk=1—-N,...,N — 1.
8: Compute ¢;;,4,7 = 1,..., M according to (58).
9:  Compute RxY according to (59).
10:  Compute ||R|/s based on |e;;], 4,5 =1,.
I: p= 27V1MX1®(HH (1o (H1)))

M.

T NAB
13: xﬁf“) = efaglvn) =1, MN

14: 1« 1+1
15: until convergence

V. SIMPLIFIED MM FOR THE CASE WITHOUT WEIGHTS

In the previous section, we developed an algorithm
for problem (8). By simply choosing weights w, = 1,%
= 1— N,...,1+ N, the algorithm can be readily applied
to solve problem (7). However, as analyzed in the previous
section, the algorithm requires about 3M? 4+ 4M 2N-point
FFT (IFFT) operations at every iteration. In this section, we
will derive an algorithm for problem (7), which requires only
2M 2N-point FFT (IFFT) operations per iteration.

Let us denote the sequence covariance matrix at lag & by Ry,
ie.,

|' ’T‘171(/€) 7‘112(]{3) ’T‘17M(l€) '|
’T‘Qfl(k) 7‘212(]{3) ’T‘27M(l€)
Ry = .
raa(k) 71,01 (k)
k=1—N,...,N—1. (63)
By using (33), it is easy to see that
R, = X*U,X)"'=RY  k=0,...,N 1, (64)
where
X:[Xl,...,XM]. (65)
With the above matrix notation, problem (7) can be rewritten as
N-1
inimi XU, x| - N* M
minimize > [XTULX|
k=1—-N
subjectto |X,,|=1,i=1,...,N,j=1,...,M. (66)
Since
XU X3 = Tr (XFUFXXPUX)

= Tr (XXTUZXX"Uy)
= vec(XXMT (U @ UJ) vec(XXT),
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we have
N-1
> IXPULXG = vee(XXH) P Lvec(XX"),  (67)
kE=1-N
where
~ N—-1
L= (U=aUf). (68)
k=1-N
Let us define
. . T
h, = [1,83%,‘..,@9%(N*1>} p=1,....2N, (69

where w, = 2% (p— 1), p = 1,...,2N. Since Uy, is Toeplitz
and can be written in terms of h,,,p = 1,..., 2N according to
Lemma 6, it can be shown that the matrix L defined in (68) can
also be written as

2N
H H
N g ) vec (h,h) ™, (70)
and then we have
N-1
> IXHUX|
k=1-N
1 X 2
H\H
_ ﬁ}; lvec(XX")"vec (hyhl")|
1 X 2
_ Hy pH
N > Ir (XX"hyh))
p=1
e
= 57 2 I Xy 3. (71)
p=1
Thus, problem (66) can be further reformulated as
TREAS
i X N
subject to  |X; ;| =1,i=1,...,N,j=1,...,M. (72)

To construct a majorization function of the objective in (72),
we propose to majorize each ||X#h,||3 according to the fol-
lowing lemma.

Lemma 7: Let f(x) = x*, & € [0,t]. Then for given 2y €
[0,2), f(x) is majorized at 2y over the interval [0, ] by the fol-
lowing quadratic function:

az? + (410 — 2CL:LO) x4+ aao S:LO, (73)

where
a =12+ 2xot + 322, (74)
Proof: See Appendix C. ]

Given X at iteration I, by taking | X h, |5 as a whole,
we know from Lemma 7 that each || X h,|; (for any p €
{1,...,2N}) is majorized by

apHXthllg + prXthHQ

o -3

(75)
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where
2
ap = 2t XOHh, | +3| X0, (76)
2 2
3
b, = 4 HXU)thH ~ %a, ‘X(” (77)
2

and ¢ is an upper bound of || X, || over the set of interest at
the current iteration. Since the objective decreases at every iter-
ation in the MM framework, at the current iteration [, it is suffi-
cient to consider the set on which the objective is smaller than
the current objective evaluated at X(). Hence we can choose
t= (Zii X Hn,[|4)1/* here. Then the majorized problem
of (72) is given by (ignoring the constant terms and the scaling
factor ﬁ)

2N
minimize Z (apl X713 + by 1 X Iy )
p:
subjectto |X;,|=1,i=1,...,N,j=1,....,.M. (78)

Let us first take a look at the first term of the objective. It can
be rewritten as follows:

2N 2N
Za,,HXthHg = Za,pTr (X" h,hI'X)

p=1 p=1
N
=Tr (XH (Z aph,h¥ > X)
p=1
= Tr(X¥ H¥ Diag(a)HX), (79)
where H = [hy, ..., hax] is the matrix defined in (56) and
a = [a1,...,a2n]|T. From Lemma 6 and Lemma 4, we can

see that the matrix H¥ Diag(a)H is Hermitian Toeplitz and its
maximum eigenvalue is bounded above as follows:

H 3 . .
Amax (H7 Diag(a)H) < N (11285\; as; + 121%15\] agzl) .(80)

Let us define
Ao = N( (81)

max dao; + max dao;_ 1)
1<i<N 1<i<N

then by choosing M =),I in Lemma 1, the function in (79) is
majorized by

A Tr(XPX) + 2Re(Tr(XH (HA Diag(a)H — A, I)X1))
+ T (X(”H(AaI . HHDiag(a)H)XU)) . (82)
Note that Tr(X# X) = M N, so the first term of (82) is just a

constant.
For the second term of the objective in (78), we have

2N
> bl X hyl2
=

2N 2
=S (s ) o
o
2N 2
< (4 HxU)thH2 - Qap> Re (hf/ XX h, )
r=1
= Re(Tr(YXH)) (83)
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Algorithm 3: The MM Algorithm for problem (7).

Require: number of sequences M, sequence length N
1: Setl = 0, initialize X(¥ of size N x M.
. repeat
a=[HXO 13,
1
t=(17(qoq))*
a; =12 + 2t/ +3¢;,i=1,...,2N

1<i<N <i<
Y = 4H"Diag(q)HX® — 23,X"
XY = erars(Yid) =1, N,j=1,..

S ey T
: until convergence

2

3

4

5

6: Xg=N ( max ag; + max ao; 1

1<i<N

7

8 LM
9

10

where

~ 2N
Y= (Z (4 HX(”th
p=1

and the inequality follows from the Cauchy-Schwarz inequality
and the fact

2
= 2ap> h,h > X (84

2 2
4HX<”thH2—2ap:—2 (HX(”thH2—|—t) <0. (85)

Since the inequality in (83) holds with equality when X = b.qUN
Re(Tr(YX#)) majorizes the second term of the objective in
(78) at X,

By adding the two majorization functions, i.e., (82) and (83),
we get the majorized problem of (78) (ignoring the constant
terms):

minimize Re(Tr(YX™))

XeCNxM

subjectto |X,,|=1,i=1,...,N,j=1,...,M, (86)
where

Y =Y + 2(H¥Diag(a)H — A, )X?
2N 2
=4 (Zl Hx<l)thH2 hphgf> X0 —2), X0, (87)
o

It is easy to see that problem (86) can be rewritten as

N M
minimize »  }  Re(X{;Yi;)
1=1 j=1
subjectto  |X;;|=1,i=1,...,N,j=1,...,M, (83)

which is separable in the elements of X and the solution of the
problem is given by

X, =ee-Yii) y =1 N,j=1,...,M. (89)

]

Then at every iteration of the algorithm, we just compute the
matrix Y given in (87) and update X according to (89). It is
worth noting that the matrix Y in (87) can be computed effi-
ciently via FFT (IFFT), since it can be rewritten as

Y = 4H"Diag(q)HX " — 24,X®, (90)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 64, NO. 11, JUNE 1, 2016

where

2
a=[HXD 130 1)

and | - |? denotes the element-wise absolute-squared value. The
overall algorithm is then summarized in Algorithm 3 and we can
see that 24 2N-point FFT (IFFT) operations are needed at each
iteration, whose computational complexity is of order O(M N
log N).

VI. CONVERGENCE ANALYSIS AND ACCELERATION SCHEME

A. Convergence Analysis

The algorithms developed in the previous sections are all
based on the general majorization-minimization method and ac-
cording to Subsection II.C we know that the sequences of ob-
jective values generated by the algorithms at every iteration are
nonincreasing. Since it is easy to see that the objective functions
of problems (4), (7) and (8) are all bounded below by 0, the se-
quences of objective values are guaranteed to converge to finite
values.

In the following, we establish the convergence of the solu-
tion sequences generated by the algorithms to stationary points.
Let f(x) be a differentiable function and X" be an arbitrary con-
straint set, then a point x* € X is said to be a stationary point
of the problem

minimize
xckX

f(x) (92)

if it satisfies the following first-order optimality condition [20]:

Vix*)T'z >0, Vze Tr(x*),
where Ty (x*) denotes the tangent cone of X’ at x*. The con-
vergence property of the CSS design algorithm in Algorithm 1
can be stated as follows.

Theorem 8: Let {x,,(fl)}%zl,l = 0,1,... be the sequence of
iterates generated by Algorithm 1. Then the sequence has at
least one limit point and every limit point of the sequence is
a stationary point of problem (4).

Proof: The proof'is similar to that given in [5] and we omit

it here. [ |

Note that the convergence results of Algorithms 2 and 3 can
be stated similarly and the sequences generated by the two al-
gorithms converge to stationary points of problems (8) and (7),
respectively.

B. Acceleration Scheme

The popularity of the MM method is due to its simplicity and
numerical stability (monotonicity), but it is usually attained at
the expense of slow convergence. Due to the successive ma-
jorization steps that we have carried out in the derivation of
the majorization functions, the convergence of the proposed
algorithms seems to be slow. To fix this issue, we can apply
some acceleration schemes and in this subsection we briefly in-
troduce such a scheme that can be easily applied to speed up
the proposed MM algorithms. It is the squared iterative method
(SQUAREM) [21], which was originally proposed to accelerate
any Expectation-Maximization (EM) algorithms. It seeks to ap-
proximate Newton's method for finding a fixed point of the EM
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algorithm map and generally achieves superlinear convergence.
Since SQUAREM only requires the EM updating map, it can
be readily applied to any EM-type algorithms. In [5], it was ap-
plied to accelerate some MM algorithms and some modifica-
tions were made to maintain the monotonicity of the original
MM algorithm and to ensure the feasibility of the solution after
every iteration. The modified scheme is summarized in Algo-
rithm 3 in [5] and we will apply it to accelerate the proposed
MM algorithms in this paper.

VIL

To show the performance of the proposed algorithms in
designing set of sequences for various scenarios, we present
some experimental results in this section. For clarity, the MM
algorithms proposed for problems (4), (7) and (8), i.e., Algo-
rithms 1, 3 and 2, will be referred to as MM-CSS, MM-Corr
and MM-WeCorr, respectively. And the acceleration scheme
described in Section VI.B was applied in our implementation
of the algorithms. All experiments were performed in Matlab
on a PC with a 3.20 GHz 15-3470 CPU and 8 GB RAM.

NUMERICAL EXPERIMENTS

A. CSS Design

In this subsection, we give an example of applying the pro-
posed MM-CSS algorithm to design (almost) complementary
sets of sequences. We consider the design of unimodular CSS
of length N = 128 and with M = 1,2, 3. For all cases, the ini-
tial sequence set {xm M| was generated randomly with each
sequence being {e/2%» }n 1» where {6, }_, are independent
random variables uniformly distributed i 1n [0, 1]. The sto (pplng
criterion was set to be |ISL{HY — ISLY) |/ max(1, ISLY
10715 to allow enough iterations. The complementary autocor—
relation levels of the output sequence sets with M/ = 1,2,3
sequences are shown in Fig. 1, where the complementary au-
tocorrelation level is the normalized autocorrelation sum in dB
defined as

M
20logg, B 1
gy —r - k=1-N,...
2 m=1 "m,m(0)
From the figure, we can see that as M increases, the complemen-
tary autocorrelation level decreases, which can be easily under-
stood as larger M provides more degrees of freedom for the CSS
design. In particular, when M = 3 the autocorrelation sums of
the sequences are very close to zero and the sequences can be
viewed as complementary in practice.

N—1. (93)

B. Approaching the Lower Bound of ¥

As have been mentioned earlier, the criterion ¥ defined in
(5) is lower bounded by N2M (M —1). Then a natural question
is whether we can achieve that bound. In this subsection, we
apply the proposed MM-Corr and MM-WeCorr algorithms to
minimize the criterion ¥, i.e., solving problem (7), and compare
the performance with the CAN algorithm [14].

In the experiment, we consider sequences sets with Af
€ {2,3,4} sequences and each sequence of length N
€ {256,1024}. For all algorithms, the initial sequence set
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Fig. 1. Autocorrelation levels of sequence sets with N = 128 and M =
1,2,3.

was generated randomly as in the previous subsection and the
stopping criterion was set to be |[¥U¢+D — ¥ | /g <1078,
For each (M, N) pair, the algorithms were repeated 10 times
and the minimum and average values of ¥ achieved by the three
algorithms, together with the corresponding lower bound, are
shown in Table I. The average running time of the three al-
gorithms was also recorded and is provided in Table II. From
Table I, we can see that all the three algorithms can get rea-
sonably close to the lower bound of ¥, which means the se-
quence sets generated by the algorithms are almost optimal for
the (M, N) pairs that have been considered. Another point we
notice is that, for all (M, N) pairs and all algorithms, the av-
erage values over 10 random trials are quite close to the min-
imum values, which implies that the three algorithms are not
sensitive to the initial points. From Table II, we can see that
for each (M, N) pair, the MM-Corr algorithm is the fastest and
the CAN algorithm is the slowest among the three algorithms.
Since the per iteration computational complexity of MM-Corr
and CAN is almost the same (2M 2N -point FFT (IFFT) op-
erations), it implies that MM-Corr takes far fewer iterations to
converge compared with CAN. Another observation is that for
the same sequence length N, the cases with larger A/ values
take less time compared with the cases with smaller M values,
for example the running time of the algorithms for the pair (A
= 4, N = 256) is less than that for (M = 2, N = 256). Since
alarger M value means higher per iteration computational com-
plexity, the observation implies that when A becomes larger,
the algorithms need much fewer iterations to converge. It prob-
ably further implies that it is easier for a larger set of sequences
to approach the lower bound than a smaller set of sequences.

C. Sequence Set Design With Zero Correlation Zone

As can be seen from the previous subsection, it is impossible
to design a set of sequences with all auto- and cross-correlation
sidelobes very small. Since in some applications, it is enough
to minimize the correlations only within a certain time lag in-
terval, in this subsection we present an example of applying the
proposed MM-WeCorr algorithm to design a set of sequences
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TABLE 1
THE LOWER BOUND OF W IN (5) AND THE VALUES ACHIEVED BY DIFFERENT ALGORITHMS

CAN MM-WeCorr MM-Corr Lower Bound
minimum average minimum average minimum average
M =2, N = 256 131082 131089 131083 131093 131079 131093 131072
M =3,N = 256 393220 393222 393217 393220 393219 393222 393216
M =4, N = 256 786436 786439 786433 786436 786433 786436 786432
M =2,N =1024 2097336 2097394 2097426 2098298 2097335 2097453 2097152
M =3,N =1024 6291553 6291580 6291486 6291556 6291504 6291548 6291456
M =4,N =1024 12582992 12583019 12582937 12582989 12582939 12582992 12582912
6
TABLE II 10 : : ; ; ,
THE AVERAGE RUNNING TIME (IN SECONDS) OF DIFFERENT [ s g
ALGORITHMS OVER 10 RANDOM TRIALS 10° ¢ RENN ]
~
~
CAN MM-WeCorr MM-Corr 102 | p
M =2, N = 256 9.3342 0.6765 0.2435
M =3,N = 256 2.3461 0.3813 0.1000 10° b |
M =4,N = 256 1.3562 0.3822 0.0844 °
M =2,N =1024 33.8459 1.2011 0.6137 % =
M =3,N =1024 8.0584 1.0797 0.2750 2 107 1
M =4,N = 1024 4.9846 1.0298 0.2242 o
107 ¢ 1
-6
with low correlation sidelobes only at required lags and com- 1= 7
pare the performance with the WeCAN algorithm in [14]. The 10 | - = = WeCAN |
Matlab code of the WeCAN algorithm was downloaded from MM-WeCorr
the website! of the book [1]. 1071 s s . s .
; : 107 107" 10° 10' 10° 10° 10*
Suppose we want to design a sequence set with M = 3 L~
sequences each of length N = 256 and with low auto- and
cross-correlations only at lags & = 51,...,80. To tackle the Fig. 2. Evolution of the objective with respect to the running time (in seconds).

problem, we apply the MM-WeCorr and WeCAN algorithms
from random initial sequence sets generated as in the previous
subsections. For the MM-WeCorr algorithm, we choose the
weights {wy,}1 ' as follows:

{1, ke{51,...,80}
Wk = {0, otherwise, ©4)
so that only the correlations at the required lags will be mini-
mized. For both algorithms, we do not stop until the objective
in (8) goes below 10 1% or after 10000 seconds. The evolu-
tion curves of the objective with respect to the running time are
shown in Fig. 2. From the figure we can see that the proposed
MM-WeCorr algorithm drives the objective to 101V within 1
second, while the objective is still above 10? after 10000 sec-
onds for WeCAN. This is because the proposed MM-WeCorr
algorithm requires about 3M? + 4M 2N-point FFT's per it-
eration, while each iteration of WeCAN requires 2M N com-
putations of 2N-point FFT's and also 2/N computations of the
SVD of M x N matrices. The slower convergence of WeCAN
may be another reason and it is probably due to the fact that
WeCAN tries to minimize an approximate criterion instead of
the original one. Fig. 3 shows the auto- and cross-correlations
(normalized by V) of the sequence sets generated by the two
algorithms. We can see in Fig. 3 that the correlation sidelobes
of the MM-WeCorr sequence set are suppressed to almost zero
(about —175 dB) at the required lags, while that of the WeCAN
sequence set is much higher. Another observation is that the
cross-correlations at lag & = 0 for the WeCAN sequence set are

Thttp://www.sal.ufl.edu/book/

very low, although we did not try to suppress them. The reason
is that in WeCAN, the weight at lag 0 should be always posi-
tive and in fact large enough to ensure some weight matrix to be
positive semidefinite. Thus the “0-lag” correlations are in fact
emphasized the most in WeCAN. Note that in MM-WeCorr, the
weight at lag 0, i.e., wy, can take any nonnegative value, thus it
is more flexible to some extent.

VIII. CONCLUSION

In this paper, we have developed several efficient MM algo-
rithms which can be used to design unimodular sequence sets
with almost complementary autocorrelations or with both good
auto- and cross-correlations. The proposed algorithms can be
viewed as extensions of some single sequence design algorithms
in the literature and share the same convergence properties, i.e.,
the convergence to a stationary point. In addition, all the algo-
rithms can be implemented via FFT and thus are computation-
ally very efficient. Numerical experiments show that the pro-
posed CSS design algorithm can generate an almost comple-
mentary set of sequences as long as the cardinality of the set is
not too small. In the case of sequence set design for both good
auto- and cross-correlation properties, the proposed algorithms
can get as close to the lower bound of the correlation criterion as
the state-of-the-art method and are much faster. It has also been
observed that the proposed weighted correlation minimization
algorithm can produce sets of unimodular sequences with virtu-
ally zero auto- and cross-correlations at specified time lags.
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Fig. 3. Auto- and cross-correlations of the 256-by-3 sequence sets generated by MM-WeCorr and WeCAN.

APPENDIX A
PROOF OF LEMMA 5

Proof: First, with Lemma 2, we have

H
S )\max(R) )\min (B o <X(l) (X(l)) >>
- )\max(R) - )\min (B) (95)
Then, according to Lemma 3, it is easy to see that
A | min{MA\pin(W),0}, M >2
Amm(B) - { )\min(w); ]\[ — 17 (96)

and noticing the fact that W is symmetric Toeplitz, we know
from Lemma 4 that

Amin (W) > Aw. 97)
Thus,
min{MAw,0}, M >2
. > —
Amin (B) 2 Ap {)\W, M=1, ©%)

and we have
H
/\max <R -Bo <X(l) (X(l)) >> < ||RH - >‘B7 (99)

where ||R|| can be any submultiplicative matrix norm of R.

APPENDIX B
PROOF OF LEMMA 6

Proof: The N x N Toeplitz matrix T can be embedded in
a circulant matrix C of dimension 2N x 2N as follows:

T W
C= {W T } : (100)
where
0 ti-n t_1
w= |1 0 (101)
: . . hoN
t N 0
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The circulant matrix C can be diagonalized by the FFT matrix
[22], i.e.,

1
C = ——F¥"Diag(Fc)F, (102)

2N
where ¢ is the first column of C, ie., c¢ =
(tost_1,... t1-N,0,tN_1,...,%1]T. Since the matrix T is
just the upper left N x N block of C, we can easily obtain
T= ﬁFﬁ:NDiag(Fc)Fhl:N. [ |

APPENDIX C
PROOF OF LEMMA 7

Proof: For any given xo € [0,t), let us consider the
quadratic function of the following form:

9(@|20) = a5 + daj(x — 20) +alw —20)%  (103)
where a > 0. It is easy to check that f(x¢) = g{zo|z0). So
to make g{z | 2o) be a majorization function of f(z) at z:q over
the interval [0, ], we need to further have f(z) < g(z | z,) for
all z € [0,¢]. Equivalently, we must have
2t — 28 — 423 (2 — 20)
- (x — z0)?

= 2% 4+ 229z + 323

a

(104)
for all z € [0,¢]. Let us define the function

Alx | z9) = 22 + 2z02 + 3a2, (105)

then condition (104) is equivalent to

a > max A(x|zo).

(106)
z€[0,t]

Since the derivative of A(x | z,), given by

Al(z | z0) = 22 + 2ao, (107)
is nonnegative for all 2 € [0, ¢], we know that A(a: | 2} is non-
decreasing on the interval [0, ¢] and the maximum is achieved at
2z = t. Thus, condition (106) becomes

a > At]zg)
=%+ 2ot + 322 (108)
Finally, by appropriately rearranging the terms of g(z | zq) in
(103), we can obtain the function in (73). The proof'is complete.
|
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